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In temporal gauge Aq = the 3d Chern-Simons theory acquires quadratic action and an ultralocal propagator. This directly 
implies a 2d i?-matrix representation for the correlators of Wilson lines (knot invariants), where only the crossing points of the 
contours projection on the xy plane contribute. Though the theory is quadratic, P-exponents remain non-trivial operators and 
ij-factors are easier to guess then derive. We show that the topological invariants arise if additional flag structure R 3 D R 2 D R 1 
(xy plane and an y line in it) is introduced, R is the universal quantum R- matrix and turning points contribute the "enhancement" 
C^l ' factors q p . 
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1 Introduction 

Since the seminal work of E.Witten [1] (see also [2]) it is known that knot invariants should be described as 
correlators of Wilson lines in 3d Chern-Simons theory (CST), provided they are somehow regularized in a way, 
which preserves topological invariance of the classical CST [3]. Enormous efforts were applied since then [4]- 
|36j in order to realize this idea and associate various existing representations of knot invariants |37j-|60j with 
different gauge choices in CST. Detailed overview of entire situation and references is beyond the scope of this 
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paper, where we are going to concentrate on one distinguished implication of the Witten's conjecture. Namely, 
it is clear that CS theory with the action 

S CS = k J tr UdA + ^aA d 3 x = ke^ x J (^A a ^A a x + ^/ a6c A»4^ dtdxdy (1) 

becomes exactly solvable not in a transcendental, but in straightforward and constructive way in the temporal 
gauge Aq — 0, when the cubic term disappears and the action becomes quadratic [24j [30] [34]. This free- 
field representation of CST is the most natural from the point of view of QFT and string theory |61) . and it 
immediately implies the R- matrix kind of representation of knot invariants a la |62] . 

Amusingly, even this description remains unexplored in exhaustive way, despite a number of promising 
attempts [5] -[25], see [53] for a recent review. The problem is not so simple because the relevant observables - 
Wilson P-exponents - are in no way simplified in the temporal gauge and various regularization problems still 
need to be resolved. The best way to proceed here, as usual, is to first guess the answer, which possesses all 
the features it should have in the temporal gauge, and then explain how this answer can be technically deduced 
from original theory (by developing a 3d analogue of the 2d free-field calculus [53] for the WZNW model). 

The present paper is devoted to the first step - the "educated guess". The "obvious" properties the answer 
should have are: 

- it is formulated in terms of projection of original 3c? contour on the xy plane, 

- it gets contributions only from the crossing and turning points of this projection, 

- each contribution should arise in a universal - representation-independent - form, i.e. contain only the 
generators TJj of the algebra G (or its deformation) in representation i?, 

- this contribution should be some clever regularization (deformation) of the naive expression Y[ a g T «® T « 
with q = exp where k\ is the renormalization if the bare constant k. 

- the full answer should be topological invariant, i.e. invariant under the Reidemeister moves of the projected 
contours, and independent of the choice of auxiliary direction on the xy plane, needed to define the "turning 
points" . 

Actually an answer with these properties exists and its ingredients are well known, see, for example, |64|-|66]: 
it involves the quantum universal P-matrix [67]- [69] . associated with the quantum version G q of the original 
group G, and the relevant generators Tjj are those of the quantum algebra [70]- [73]. The only problem is that 
this construction is naturally associated with the operators, which are group elements of G q [65], rather than 
the Wilson P-exponents in the temporal gauge. Thus, if one believes in this answer, the next step should be the 
explanation how the group elements arise in "bosonization" of Wilson loops. This step, however, will be left for 
the future research, while in the present text we just add a little more to the motivation in s[2J find equations 
that describes topological properties of vevs of Wilson loops in the temporal gauge in s[3] and finally, describe 
their possible solution in s[U We also give several examples of explicit computations of knot invariants in s[5] 
This paper can be considered as completion of the guessing process, originated long ago in [T5j [16] and [30] . 



2 Motivation 

In the Aq = gauge the CS action (pj becomes quadratic, 

S cs = k J {A a x A a y - A a y A a x )dtdxdy (2) 

and the propagator becomes 

(A$(£),A§(?)) = <F%sign(t - t')5^{x~x') (3) 
This means that the correlator of the Wilson lines in representation g of the gauge group G 

W e {C) = tr e Pexp f A^dx^ = tr e Pexp f (A x dx + A y dy) (4) 
J c Jc 

gets contribution only from the (self)-intersections of the contours Ci, which are the 2d projections of the 3d 
contours Ci onto the xy plane. 

Let us pick up a direction in the xy plane, and let it be the y axis. Then instead of the closed Wilson lines 
we can consider the matrix (representation)-valued "open" lines 



Jc 



U(C, y) = Pexp / (A x dx + A y dy) (5) 
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and study the "evolution" of the ordered product Yl U(Ci,y) with the change of y. Actually there is no evolution, 
the product does not depend on y, except for the "moments" when some two lines intersect (crossing points) or 
some line turns backwards (turning point). Then some factors 1Z and Q appear, acting in the product of two 
representations in the first case and in the single representation in the second case. The factor 1Z is independent 
of the angle between the intersecting lines, this property can be observed in the Abelian situation, see |34] for 
definiteness. Denote the state at the slice (moment) 1 in Figflja) by U ® V. 




Then at the moment 2 it will turn into TZjjv{U ® V). At the same time it should be something made from 
reordered product V ®U. The natural guess is 

1Z UV (U ® V) = {V ® U)Huv (6) 

and, looking at the propagator ([3]), we understand that 

n uv « (7) 

V / reg 

with q — exp(27ri/fci) and somehow deformed r.h.s., because regularization can and do modify the naive answer. 
In the last expression Similarly, if the third operator W is involved, then we get 

U ® V ® W at the slice 1, 
Kuv(U® V® W) = (V®U® W)1Zuv at the slice 2, (8) 
lZ uW 1Z uv (U ®V ®W) = lZ uW (V ® U ® W)1Z UV = (V ® W ® U)TZ uW TZ uv at the slice 3, 

and so on. At the turning point we have a transition FigfTJb) 

Qu(U®U) = l (9) 

from a pair of operators into an empty state. 

Entire knot can be described as a transition from an empty state at y = — oo to an empty state at y = oo 
with the associated amplitude, made from a product of 1Z and Q factors. For this product to transform under 
Reidemeister moves as vev of a Wilson loop the elementary factors should satisfy some bilinear and trilinear 
relations see sJ3l the main one being the Yang-Baxter equation for 1Z. Then ([7]) implies that 1Z is the quantum 
universal i?-matrix of G q [M]-[Z3]- For such choice of 1Z the operators U, V, W with the property (O do indeed 
exist: the simplest example being the group elements of G q |65j . As explained in the introduction, it remains 
to understand why the regularized open Wilson lines (JSJ have the same commutation relations (JT]) - and this 
is beyond the scope of the present paper. Note that understanding of this fact is important for Chern-Simons 
theory, but is not really needed for building knot invariants: just instead of referring to the "obvious" topological 
invariance of Wilson-line correlators in CST one needs to prove invariance of the product explicitly - and this 
will be done explicitly in sH] below. 



3 Operators arising from CST in temporal gauge 

The invariance of vevs of Wilson loops under topological deformations imposes several conditions on the oper- 
ators arising from CST in the temporal gauge. The purpose of this section is to argue that there are only two 
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independent operators from which the vevs of Wilson loops can be constructed. We also derive the equations 
for these operators that ensures the topological invariance of vevs. 



3.1 Projected knots 

If additional flag structure I 3 D I 2 D M 1 on the space is fixed, then according to sections Q] and [H we suppose 
that the answer for vev of a Wilson loop has the following properties: 

• The answer is formulated in terms of a projection of a knot to a fixed plane M 2 . For definiteness, we 
specify this plane to be xy-plane in some reference frame. 

• The answer gets angle-independent contributions only from crossings of the resulting two-dimensional 
curve and its turning points with respect to the fixed direction K in the plane. We specify this direction 
to be y-direction in our reference frame. This means that we need the universally defined operators 
corresponding to the crossings and the turning points. The vevs of Wilson loops are just appropriate 
contractions of these operators. 

• Under topological deformations these contractions are transformed exactly as vevs of Wilson loops in CST. 

With these desired properties in mind, let us consider a two-dimensional projection of a knot to the fixed xy 
plane, for example as in the Figl^a) • The arrows denote the orientation of the knot. Without loss of generality, 
we assume that all crossings of the resulting two-dimensional curve have two upper and two lower legs about 
fixed y-direction. For example in the Figj2j6) a, b are upper and c, d are lower legs. Obviously, every crossing 
can be reduced to this form by a small deformation in the plane. 




Figure 2: 



We can see that for every two-dimensional projection only 8 types of crossings, which differ from each other 
by orientation and 4 types of turning points about y direction can appear (see FigEJ) - 




Figure 3: 

According to the second property from of our list, we define 8 corresponding crossing operators 7£j i = 
1...8 and 4 operators for each type of turning point Mj ^ , j = 1 ...4. The indices of these operators correspond 
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to free legs of the crossings and the turning points in the two-dimensional picture. We assume that the upper 
index denotes an incoming leg and the lower denotes an outgoing one. Therefore, the crossing operators have 
two upper and two lower indices, the turning point operators have one index of each type FigUJ 




Figure 4: 



The vev of a Wilson loop < W(c) > can be represented in the form of contractions of these operators. More 
precisely, to find the vev < W{c) >, we need to peak a two dimensional projection of the closed curve c, then 
attach to every crossing and turning points corresponding operators and contract the indices according to the 
two dimensional diagram. For example, for unknot Uq with the two-dimensional projection represented in the 
FigE]the result is: 

<W(U ) > = M 3 a b M 1 b c M 3 c d M 2 d a = t r (M 3 M 1 M 3 M 2 ) (10) 




Figure 5: 



The CST implies that the result does not depend on the choice of the projection and is invariant under 
smooth topological deformations. This property imposes several conditions on the crossing and turning point 
operators. In the rest of this section we analyze these restrictions and derive the fundamental equations (|23[) 
for the special point operators. These equations ensures that under topological deformations the resulting 
contractions of the operators have the same transformation properties as the vevs of Wilson loops. 

3.2 Turning point operators 

Simple topological consideration shows, that the four operators A4j, j — 1..4, are not independent. Indeed, 
the straight vertical line is topologically equivalent to a curved line with two turning points Fig|5] Then the 
topological invariance of vevs of Wilson loops in CST implies that the corresponding turning point operators 
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are related by the inversion: 



(11) 



St 



b b 



2) 



b b 



3) 



4) 



Figure 6: 



Therefore, in fact, there are only two independent turning point operators Ai and M, and the others can be 
expressed trough them: 



Mi=M, Ma = M, M 3 = M- 1 , M 2 = M 



(12) 



3.3 Crossing operators 

Similar topological arguments show that there are only two independent crossing operators. Indeed, let us 
consider the topological deformations represented in the Fig|7] The topological invariance of vevs of Wilson 
loops in CST implies that the crossing operators 1Z 2 , IZ3 and 1Z± can be expressed trough the first one Ti-i := 1Z: 



n 2 a c b d = n? k b M- ia m M k d 



-1° T-rrn 



K£l = n h k {M- ia h M- 1 )M i d M k c 



K 2 = (1®M)K(M ® I)' 1 
U 3 = (M(E) 1)11 {1(E) Mr 1 
K A = (M ® M) U (M ® My 1 



(13) 



V 




? 



c 



<3 




X 

b a 




Figure 7: 



If in Figd under-crossings are changed to over-crossings then we have: 



11 & = {1®M)K{M®1)- 1 

n 7 = {M®l)ll(l®M)- 1 (14) 
K 8 = [M^M^iM^My 1 



G 



i.e. the crossing operators 1Zq,1Zi and 1Z% can be expressed trough 1Z§ := 1Z. 



3.4 Reidemeister movies. Ambient topological invariants. 

Two knots in R 3 are considered to be equivalent if one of them can be transformed into the other via smooth 
deformations in R 3 . This is the definition of ambient isotopy equivalence and two such knots are referred to as 
ambient isotopy equivalent. Relations (|12[) - (|14[) for crossing and turning point operators ensure that the vevs 
constructed from them do not depend on homotopic deformations of two-dimensional projection in the plane, i.e. 
on smooth deformations in the plane that do not change the total number of crossings of this projection. This 
is not enough, however, for the vev to be topological invariant. Indeed, different two-dimensional projections 
of some knot can have different topologies, for example different numbers of crossings. Therefore, different, 
non- homotopic two-dimensional projections can represent the same knot. 

Fortunately, there is a simple way to find out if the two knots represented by their two-dimensional projections 
are ambient isotopy equivalent or not [37] : 

Theorem (Reidemeister) 

Two knots in R 3 represented by their two-dimensional projections P\ and P2 are ambient isotopy equivalent if 
and only if Pi can be deformed into P2 via smooth deformations in the two-dimensional plane and finite set of 
Reidemeister moves, shown in Fig\8\ 



The quantities that depend only on equivalence classes of ambient isotopy, or equivalently, do not vary under 
smooth two-dimensional deformations and Reidemeister moves are referred to as the ambient isotopy invariants. 

3.5 Temporal framing. Regular isotopy invariants. 

Despite the topological nature of CST, the expectation values of Wilson loops in this theory are not ambient 
isotopy invariants [8]-|19|. This feature of CST is closely related to the self-linking problem and the framing 
procedure. In CST the vevs of Wilson loops < W(c) > are ill-defined quantities, and to define these quantities 
properly one can introduce a second, auxiliary contour c , called framing of c, which can be considered as a 
slight displacement of contour c along a normal to c vector field pQ. More concretely, the word "slight" means 
that we replace the contour c representing the knot by a narrow-width rope bounded by c and c . Two different 
choices of framing contour for straight line are presented in the Figj9ja). When auxiliary contour is chosen, then 
it makes sense to calculate the linking number between contours c and c and its non-Abelian generalizations - 
the normalized vevs of product of two Wilson loops in CST: 






Figure 8: 



< W{c) > = f <: W{c) : : W{c) :> 



(15) 
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The normalization means that in perturbation theory only propagators with different ends attached to different 
contours c and c are taken into account. Therefore, there are no collapsible propagators, and the quantity (p~5|) 
turns out to be well defined. 

Roughly speaking, the CST describes the properties of knots that are made not of a "rope" but of a "ribbon" 
bounded by c and c . In this case an additional parameter comes into the game. Namely, a "rope" can be replaced 
by a "ribbon" in many different ways with different number of twists n of the "ribbon" FigjSJa). The answer 
in CST depends only on this n. To fix the number of the ribbon twists, different framing fixing are used. In 
the temporal gauge there exists a natural choice for framing fixing. Namely, one can fix two dimensional plane 
M 2 C M 3 and then only ribbons which have non-perpendicular to this plane tangent planes at every point are 
considered. We call this procedure - temporal framing. The examples of knots in the temporal framing are 
represented in the FigH^6) , here the fixed two-dimensional plane is the plane of the page. 




Figure 9: 



The " Wilson- loop" calculations in CST depend on the definition of the framing. In what follows we assume 
that all quantities are represented in the temporal framing. 

Now, it is obvious that in the temporal framing the first Reidemeister move from FigJS] is not respected, 
because the ribbon with loop on it in the temporal framing is not equivalent to a straight ribbon, but to a 
ribbon with additional twist, see FigfTUl 



rO = 




Figure 10: 



The equivalence of knot projections defined only by the second and the third Reidemeister moves form FigfS] 
is usually referred to as regular isotopy invariance, and quantities that does not change under these moves are 
the so called regular isotopy invariants. In this way, we see, that the presence of the framing result in the fact 
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that the vevs of Wilson loops are not ambient but only the regular invariants of knots. 

It was shown in the Witten's work [1] that the shift of the framing contour by n twists results in a simple 
multiple for the vev of a Wilson loop: 

< W(c) W(c) > 

This is a crucial observation that enables the CST to work. It means that although we must pick additional 
framing contour to make the vev well defined, we do not lose the information since we know how this vev 
changes a under change of framing. Explicit perturbative computations performed in ]|| show that the first 
terms of 2ir/ki expansion of a are: 



a = i + _, ( n 3 ) + -f_ e( si 2 . 



where k\ is renormalization of the bare constant k, Q2 is the value of quadratic Casimir of the gauge Lie algebra 
and g is the representation carried by the Wilson loop. We see that the results of the calculations are in 
agreement with the following expression: 



Q 



e(fi 2 ) 



q = exp 



2-rri 



(16) 



The difference between k\ and k is somewhat controversial point, usually one assumes that k\ — k + QAd{^2) 
(here QAd{^2) stands for the value of quadratic Casimir in the adjoint representation of the gauge group) like 
in 2d WZNW theory |63j . For our guessing this is not very essential: in the following we use directly parameter 
q irrespective of its exact dependence of the bare k. 

Therefore, the CST generalizes the first Reidemeister move form Fig |S] and the rest two remains unchanged. 
Finally, we can infer that the vevs of Wilson loops have the transformation properties summarized in the Figllll 



>o = " 



(2 




(3) 





Figure 11: 



3.6 The fundamental equations 

Let us analyze the restrictions imposed by generalized Reidemeister moves Fig llll on the crossing and the 
turning point operators. First of all, we note that using the relations (I12l) - (|14[) we can express the crossing 
operators through 1Z and 1Z, similarly, the turning point operators are expressed trough M. and Ai. Therefore, 
the resulting restrictions on the crossing and turning point operators can be reduced to equations on 1Z. 1Z, M 
and M.. In terms of 1Z and 7Z, the second Reidemeister relation in FigfTJlcan be expressed as: 

Kd^ c e d f = ^cdK d f = s a eS b f, or n=n~ l (17) 
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The first relation in Fig JT^] means that: 



KttM c d M a e =q e ^ S a b , TlZ M J M e = q- e ™ 5 a b 

or, equivalently: 

tr 2 (7e ±1 l® C) = g ± «< n,) 
where tr 2 denotes the trace over the second space in the tensor product and we denote: 

Q = MM. 



(18) 



(19) 



(20) 



In terms of the "down-directed" crossings corresponding to the operator TZ in Fig fl2T 3) third Reidemeister move 
implies that TZ satisfies the following trilinear equation: 



,t i!e ,t / g'^ km ~ /C de 1 ^ km'*- m g 



(21) 



It is easy to check that all other possible orientations of the crossings in the third Reidemeister relation FigJTT](3) 
can be reduced to (|2"Tj) by transformations (IT31 and (|T4")) . For this reason only (|21l) should be considered. 
Introducing the notations 72-i 2 = 1Z®1, 72-23 = 1 ® TZ for the operators, acting in the triple product V<%> V <8> V, 
we can rewrite this equation in the form: 



72- 12 72-23 72-12 — 72-23 72-12 7^ 



2:t 



(22) 



This is the famous quantum Yang-Baxter equation (QYBE), arising in a number of physical and mathematical 
topics, from exactly solvable statistical models [ST] to quantum groups [B3]-[7D]. Therefore, to describe the 
properties of vevs of Wilson loops in the CST the crossing and the turning point operators must satisfy two 
fundamental equations: 



tra^* 1 l®fi) =q ±i ^ 
72-12 72-23 72-12 = 72-23 72-i 2 72. 2 3 



(23) 



Solution of these equations is a pair (72., Q) of operators acting in appropriate tensor products of gauge group 
representations. With such a solution at hand, one can construct all crossing operators with the help of relations 
(fT3|) . (fT4| and (fT7|) . On the other hand side the pair (TZ, Q) satisfying (|23|) does not define the turning point 
operators but only the product of two operators (|20[) . There is no additional relation between M. and M 
imposed by topological moves and arbitrary choice of M and M satisfying ([20|) is possible. For instance, one 
can consider the following choice: 

M = Q, M = l 

what means that the turning point operators M.2 and M4 are identity operators due to (fTT1) and do not give 
contribution to vev of Wilson loops and therefore, the corresponding turning points are not taken into account. 
In what follows we, however, assume the following relation: 



M = M, 



M 2 



(24) 



This choice of additional relation is for the sake of symmetry as it makes all the four turning point operators 
and turning points equivalent. When added to (IT3l) . (fI3|). (fTTj) . the relation (f24)) allows to construct all crossing 
and turning point operators from given solution of fundamental equations. 
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Figure 12: 



4 Universal quantum i?-matrix 

As it was shown in the previous paper [34], the use of the naive propagator ([3]) leads to the crossing operator 
of the form: 

00 urn i 

R e= ^{T^T^...T^}®{T^T^...T^} : {T^ ... T^} = — £ Tg" w ... T*°™ (25) 

rn — crGSm 

where <S m is the symmetric group of m-elements, g is a representation carried by a Wilson loop and h = 2m/ k\. 
The universal, representation independent, form of (|25|) is: 

00 urn 

K = V— {T ai T a2 ...T a ™} ®{T ai T a2 ...T am } £ U(g)®U(g) (26) 
m! 

fc=0 

where U(g) is the universal enveloping algebra of g. Unfortunately, such crossing operator (|26|) does not satisfy 
the QYBE (|22|) . what indicates that mote accurate regularization of propagator is necessary. Obviously, such a 
regularization of the naive answer should deform (1261) somehow. In this section we make an obvious suggestion 
that this deformation of (|26[) is given by the well known quantum universal R-matrix that seems to be in 
accordance with [36, 42 , 62 . The quantum universal i?-matrix is not the element of U{g) ® U(g) anymore but 
the element of Uh{g) C3> Uh(g), where the algebra Uh(g) is the /i-deformed, or the quantized universal enveloping 
algebra of g. In the subsections 14. Ill4~3l we remind explicitly definition of U(g) and Uh{g). In the subsection 14.41 
we give the explicit expression for the universal quantum R- matrix 1Z G Uh{g) <£> Uh{g), then define the element 
Q £ Uh(g) and prove that these elements satisfy the fundamental equations ([231 . 



4.1 Universal enveloping algebras 

Let j be a simple Lie algebra of rank r with the root system Denote by <I> + the subset of positive roots 
and by n — |<I> + | be the number of positive roots. Fix the set of simple roots {ai, ...,a r } = A, and let 
{cti, ...,a^ : a £ A} be the set of elements dual to the roots elements: 

(a v , f3) = 8 a p =0 if and 1 otherwise (27) 
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Here ( , ) is the Killing form reduced to the Cartan subalgebra. Let {e a , f a ,hp ■ a € $ + , (3 £ A} be a Cartan- 
Weil basis of g. The Cartan matrix of the algebra is defined as a a p = 2 (a (3) /(a a). For arbitrary element 7 
from the Cartan subalgebra, we define the corresponding elements of the algebra as follows: 



E K {u y ,l) 



(28) 



oGA 



In particular, we will need the elements hp, f3 £ $ + , and the element h p where p is the half-sum of all positive 
roots: 



(29) 



The universal enveloping algebra of g is the quotient of the tensor algebra T(g) by the ideal generated by the 
elements x ®y — y ®x = [x,y]: 



U(g) = T(g)/I, T(g) = ff « 



/ = {x <g) y - y ® cc = [x, y]} 



(30) 



m=0 



According to the Serre's theorem this algebra can be defined as the algebra generated by 3 r elements {e a , f a ,h a : 
a £ A} with the following relations!]]: 



\h a ,hp] = 0, [h a ,ep] = (a,P)ep, [h a ,fp] = -(a,/3)fp 



(31) 



[e a , fp ] — 5 al 3 h 



(32) 



(ad e a ) 



l - a «^= E 

m=0 



(-)' 



1 - a a p 
rn 



0, a ^(3 



(33) 



1- a a 



(ad/a) 1 — "/^ E H 1 



1 — a Q/ 3 



/( l-a„,-m y / m = Qj a ^ £ 



(34) 



The possible choice of a basis in £/(<?) is given by the following Poincare-Birchoff theorem: 
The elements 

form a basis of the universal enveloping algebra U(g). 



4.2 Quantized universal enveloping algebras 

Let h be indeterminate number, then the quantized universal enveloping algebra Uh(g) is the algebra with 1 
over C[q], q — e h generated by 3r elements {h a , E a , F a , a £ A} subjected to the relations: 



[h a ,hp]=0, [ha, E p ] = (a,{3)Ep, [h a , Fp] = (a, (3) Fp 



(35) 



[ E a , Fp } — S af 



q a - qa 1 



(36) 



1- a a 



E(- 



1- a 



a0 



E a - a ^- m E E a n = O, a^p 



(37) 



1 Note, that our choice of Cartan elements h a is different from the conventional one by the factor (a,a)/2. 
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m=0 



1 — a a p 
rn 



F„~ aa P~ m Fp F™ = 0, i^j 



where 



[m] q \ [n — m] 



! = 



lira. 



k=l 



q - q 
q-q~ 



and qp = q 



(a,a)/2 



(38) 



(39) 



Note, that the definition of Uh{g) is similar to the definition of U(g) by the Serre relations (|3"Tj) - (l3~i|) . The 
relations (|35|) are formally equivalent to the relations (j3"Tj) . and the relations (| 3 6 1) - ([38]) are some /i-deformations 
of the respective relations (|32l) - (j3"4"]l . 



4.3 Braid groups and root elements 

If a a p is the Cartan matrix of a Lie algebra <?, then the numbers a a pap a can take values 0, 1, 2 or 3. Let m a p be 
equal to 2, 3, 4 or 6 when a a pap a is equal to 0, 1, 2 or 3 respectively. The Weil group W g is defined by reflections 
{<7 a : a G A} corresponding to the simple roots of g satisfying the following relations: 

a a = 1, u a apa a ap... — <Tp<7 a ap<T a ... , a ^(3 (40) 

m a f3 times times 

Let Co be the longest element of the Weil group i.e. the element that has the longest length of its reduced 
decomposition o~q = a~ a( a ai ...cr ai , on k £ A (length of this element is equal to the number of positive roots 
n for every Lie algebra). An important property of ctq is that the sequence: 

(3 1 =a il , = (T a H &i 2 , Pn — < J a il CTa i2 ---Va in _ i ai n (41) 

exhaust all positive roots of g and defines the ordering /3\ < ft < ■■■ < fti on the set $ + . Therefore, the 
Weil group and a fixed reduced decomposition of a longest element Co allow to define all root elements of U(g) 
starting from simple roots. 

In the definition of Uh{g) enter only elements h ai E a and F a corresponding to simple roots. To define the 
elements of Uh(g) corresponding to the non-simple roots we need a notion of quantum Weil group or Artin braid 
group. 

The Artin braid group B g associated with g is the group generated by elements {b a : a £ A} with the 
following relations: 

b a bpb a bp... = bpb a bpb a ... , a ^ (3 (42) 

* v ' " v ' 

m a p times iria/3 times 

The braid group B g acts by automorphisms on Uh(g) [TO] : 

b a (hp) = h a - ap a h a , b a (E a ) = - F a qa a , b a (F a ) = -E a q~ ha (43) 



b a {E a ) = £ ? ( r "7r 1 ^ m {E a )- a ^- m Ep{E a y 

*-? n [-a a p - m] q J[m] q J 



(44) 



m— 

— a-ap 



b a (Fp)= ^ | ( ^VTf 1 i C{F a ) m Fp(F a )-^-™ (45) 

^ Q [~a a p - m] q J[m] q J 

Let us define the roots of g as in (|4"Tj) . then we define the root elements of Uh(g) as follows: 

Ep k =b aii b ai2 ...ba ik _ i E aik and Fp k = b OCil b aia ...ba ik _ 1 F aik , k = l,...,n (46) 

The following analog of Poincare-Birchoff theorem gives a basis in Uh(g)- 

The elements 

F £---F%:hl\...hXE s a K..E%, Ql e<D + , ft G A, Pi , t h Si e N 

form a basis of Uh{g)- 
For a proof see [70] . 
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4.4 Universal quantum i?-matrix 

Let Ep and Fp, (3 € < I )+ arc the root elements of Uh{g) then the universal quantum R- matrix is defined as an 
element of Uh (<?) ® Uh (<?) by the following explicit expression: 



II exp fe-g^ 1 )^®^ 

3G$+ V 



(47) 



Here P is the permutation operator: P a<S)b = b<£> a P and the arrow above the product implies that the factors 
appear in the order j3 n , /3„_i, (3i defined by a reduced decomposition of longest elements of Weil group (|4Tj) . 
The q-exponent is defined as: 

-p,^) = E T^ m(m - 1)/2 

The crucial property of the universal quantum i?-matrix is that this matrix represents suitable regularization 
of the crossing operator (f26|) . More precisely: 



Proposition: The pair {1Z £ Uh(g) ® Uh(g), Q £ Uh(g)}, where 1Z is the universal quantum R-matrix 
\47\ l and Q is defined by the following explicit expression: 



Q = q hp , p=\ a ' h p= E h <* 



(48) 



a G *+ 



16 $+ 



satisfies the fundamental equations, II 2 Sty . 



Proof: The proof of the quantum Yang-Baxter equation (the second fundamental equation) can be found in 
any textbook on quantum group theorysee for example [65j or |70j . The proof of the first fundamental equation 
in (J23J) is a relatively long but direct computation: 



tr 2 (ftl® Q) = tr 2 < Pexp(/i h a ®h a v) f[ ex Pg/3 ({qp - q x ) Ep ® Fp) 1 



qE A 
-l\m„ 



(Qv % ) m " m ^( mr) _i)/ 2 



/3G$+ 
A' 



tr2 i^E-fci E E n [to f , ^ 

fc=0 Qi...Q k £A m /3 ,/3e*+ 7)6*+ ^ q " 



00 

Eif E En 



p=l 7£<I>+ s=l (5e $ + 

fe — > fc — > 



fe! ^ A ^ J- J- [ml ! ^ 



9, J ^K-D/^rj^ Y[ F™*q h ?l[h ap [] ^(50) 



Eir E En 



(0y % m „( m „-i)/2 ( p, ) 



s=i <5e*+ 

A' 



p=l 7G * + 

Y[h a v(h ae + ( a s, m s 6))q hf 



se *+ 



e n 

E 



1^ ^ ^ „m,(m,-l)/2 ( p, m„rj ) a€ a se $+ 



\m 1 1 ^ 



n *r n e t' ( 5i ) 

<se $+ 7£ <i>+ 
— ► — > 
gA P ][[ F™ 5 £^ (52) 



= „ Q 6 a 



q h » 



e n 



ilr, % 1 )" 1 " m^(m,-l)/2 p, r, 



5 e $+ 7 g *+ 



n e 



m(m — 1)/2 



■/?). 



5 



5 



m F™ F™ (54) 



= «° 6 A 



n u 



E ^c,v/tc,+ E e a f a +f a e a 
e-nf-n+hen-hr,^ _ ^oe A a e *+ = (7 s12 (55) 
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Here we used the following facts and identities: 



tr 2 {PA® fi} = BA (gg) -> O 
g fc P ^ g -hp = g ( /», * ) m, ^ ; TJ F™ 5 ft Q = ( h a + J] ( a, 5 m s ) ) f[ F™ s (50} -> (JSU 



(5e$+ \ 5e$+ / <5e*+ 



^ /i Q v(a, r?) = K{a y , rj) = h n (52|) -> ([53 

oEA a € A 

00 / — 1 \ m 

y- lg-g J m (m-l)/a (S+2) r™ pm = q e n f v +f n e n -h n rrn jgg 



m=0 L 



and S7 2 is by definition the quadratic Casimir element of the algebra U(g): 

ft 2 =^ h a vh a + ^2 e a f a +f a e a (56) 

The proof for 1Z~ X is analogous. □ 

Now, having the solution of fundamental equations one can construct all the special point operators. The 
crossing operators are expressed trough the universal i?-matrix by (fl3|) . ([T4|) and (|17[) . To construct the turning 
point operators we need to pick up the operators M , and M satisfying (pM|) . The obvious choice is: 



M =M =q 



h p /2 



then the rest of the turning point operators are expressed trough these two by (| 12[) . Explicit expressions for 
these operators are summarized in ([58|l and (|59|) . 

5 Knot invariants 

The crossing and turning point operators introduced in the previous sections allow to calculate the ambient and 
regular knot invariants. In this section we describe in detail the procedure for computation of these invariants 
and give examples of these calculations for several different choices of the gauge group and its representation. 



5.1 Regular knot invariants. 

Let D : S 1 -> ]R 3 — > R 2 be a two-dimensional projection of a knot K (here P is the projector to the plane). 
Then the image D(S 1 ) is a closed planar curve with finite number of self-crossings and turning points about 
some distinguished direction in the plane. To compute the regular isotopy invariant < W g (K) > we should 
reduce all crossings of D^S 1 ) to one of the 8 canonical crossings represented in Figj3] (additional turning points 
can appear during this process). Then, we attach to every special point the corresponding operator, for example 
as in the Fig[l3l The indices of these operators correspond to the incoming and outgoing lines of special points, 
therefore, the closed curve D(S 1 ) naturally defines the contraction of the indices of the operators. For instance 
such a contraction for the two-dimensional projection of the knot 5 2 represented in FigfT51 reads: 

<w(5 2 ) >^n 1 b / c n 1 ^ k n 2 l\n 3 i:n4iM 1 }M 2 ^M 3 a b M 4 7 (57) 

If a Wilson loop W e {K) is in a representation g : G — >• End(V) of a gauge group G, then the operators of 
special points Fig0] read: 

Mi = M 4 = g{q h » /2 ), 

(58) 

M 2 =M 3 = g(q- h ? /2 ), 
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TZi = g ® g 

1Z 5 = Q <S) Q 

1Z 2 = g <& g 
1Z@ = g <S> g 
H3 = Q <& Q 
U7 = g ® £> 
TZi = g® g 
TZg = g <S> g 



K 



n- 



(l®q h "/' 2 )n{q- h "/ 2 
(1 (g) gV2) (g-^p/ 2 ® 1) ) 

(g'v/ 2 (g) g'v/ 2 ) JZ (g-fy>/2 (g, g -' 1 P/2) 5 

(g, ^p/2) 7^-1 ( g -ftp/2 g, ? -/i„/2) ^ ^ 



(59) 



where 1Z is the universal quantum R- matrix (|Tf|) for Uh(g) ■ For example in the case of G = SU(2) and g is 
the fundamental representation, the contraction (|57[) gives: 



< W(5 a ) >= g" 1 ' (-7 + O ( q W - q« + 2 q b - q 1 + <f - 1 ) 




5.2 Writhe number. Ambient invariants. 

As it was discussed in the section T3.5I the quantity < W e {K) > can be considered as an invariant of embedding 
/C : S 1 x [0, 1 ] — > M 3 of a ribbon [0, 1] x S 1 into three-dimensional space. The knot K is defined as K = 
IC(x, 0) : S 1 — > R 3 and K = IC(x, 1) : S 1 — > R 3 is a framing contour of K introduced by regularization of 
CST. The quantity < W e (K) > depends on the number of twists on a ribbon Figl^a), this results in the fact 
that it is not an ambient isotopy invariant of the knot, but only a regular invariant. Nevertheless, we can easily 
construct the ambient isotopy knot invariant using the quantity < W B (K) >. Indeed, let w(JC) is the total 
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number of twists of a framing ribbon embedded in R 3 , this quantity is referred to as a writhe of the ribbon. 
According to (jT6j) , additional twist on the ribbon changes the vev of a Wilson loop < W e (K) > for a factor 
qe<,^2) _ Therefore, the quantity I(G, g, K) defined as: 

I(G, g, K) = - 1 - q-<°W < W e (K) > (60) 

is an ambient isotopy invariant. Here < W(Uq) > stands for the vev of unknot and we divide by its value for 
normalization. 

In the temporal gauge w(K) is the total number of twists of a ribbon in the temporal framing introduced in 
the section 13.51 The temporal framing is the procedure that naturally defines the class of ribbon embeddings 

{/C} for a given two-dimensional projection D : S 1 ]R 3 — > R 2 of the knot K. Therefore, one can define the 
writhe of a knot projection as the writhe of its temporal framing ribbon: 

w{D) = w(JC) (61) 

It is rather obvious, that this definition is correct, i.e. it does not depend on the choice of representative framing 
ribbon. As a function of D the writhe (|6ip has a constructive representation in terms of D itself. Indeed, every 
crossing of D is equivalent up to the planar rotations to one of the two crossings represented in FigdU 




Figure 14: 

Define the writhes of these crossings as 

w{c+) = +1, w(c~) = -1 (62) 
Then the writhe (|6ip can be expressed as sum of writhes: 

u;(I>)=£>(i) (63) 

i 

where sum runs over all crossing of D. 



5.3 Braid representation of the knots. 

A useful way for representing knots is to make use the braid group B n . The Art in braid group B n (the braid 
group corresponding to the A n root system in terms of section I4.3|) of n strings is the group generated by n — 1 
generators g%,g2, •••,<?n-i satisfying the following relations: 

9i9j^9o9i for |i-j'|>l 

(64) 

9% 9i+i 9i = 9i+i 9i 9i+u f° r i - 1 < n 

Let g : Uh{g) — > End(V) be a representation of some quantum universal enveloping algebra, then one can con- 
struct associated representation of the braid group gB n ■ B n — > End(V® n ) by the following explicit definition: 




i+2...n 
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The first defining relation in this representation is obvious, and the second one simply follows from QYBE (|22l) . 

Each elements of B n admits a graphical representation. One can associate to the element gi G B n the picture 
shown in FigOj)] (a), then the element g\ gi g± 1 € B n can be represented as in the FigJTSJb): 



a) 




Figure 15: 



i.e. gi can be considered as a twist of i and i + 1 string on the set of n strings. The closure b of the element 
b G B n is a two-dimensional diagram obtained by connection the endpoints of the strings of B n in a order 
preserving way FigfTBI (a): 




Figure 16: 



Every link and knot in particular, can be represented as a closure of an element b G B n (this element and 
group B n are not uniquely defined). For instance the simplest knot 3i can be represented as a closure of gf G Bi 
FigfTBTb). The braid representation of knots provides useful tool for calculation of knot invariants (|6T)|) . Indeed, 
applying the method for calculation of I(G, g, K) described in the sections I5.H5.2I to a closure of b G B n we 
arrive to the following proposition: 

Let knot K be represented as a closure b of some element of a braid group b G B n . Then an ambient isotopy 
invariant of a knot for gauge group G and representation g : g — > End(V) is given by the following explicit 
formula: 



I e (G, g, K) 



1 



tr(<3 e 



-w(b) g(Sl2 



trior*, 



where w(b) is a writhe of the diagram associated with b and 

Q e = e{Q), b e = g Bn (b), tx{Q B )=<W{U )> e 



(65) 



(66) 



In the braid representation of a knot b, every string of b has only two turning points with respect to the 
vertical direction of the page. This is why the contribution of turning points appears in (1651) in the form 
Q = M. A4 = M 2 . The calculation of (l6"5j) for some particular knot is just a matter of multiplication and 
taking a trace of relatively big matrices. In the next subsection we give several explicit examples of such 
calculations of the knot invariants for first five nontrivial knots. We also give explicit expressions for 1Z and Q 
for different groups and their representations. 



5.4 Explicit examples 

In this section we give examples of explicit calculations of knot invariants and universal i?-matrix f|47[) for 
several particular groups and their representations. The invariants are calculated for the first five non-trivial 
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knots from Rolfsen table [50] : 3i, 4i, 5i,52 and 61. The two dimensional projections of these knots with the 
temporal framing contour can be chosen as in the FigflTl 




The braid representations of these knots and the writhe numbers of the corresponding closures are summarized 
in the table: 



Knot 


Braid representation 


Writhe 


3i 


b = gl G B 2 


w(b) = 3 


4i 


b = 929x 1 929i 1 G B 3 


w(b) = 1 


5i 


b = g!eB 2 


w(b) = 5 


5 2 


b = 9291 92 X 9\ G B 3 


w(b) = 4 


61 


b = gi 92 1 93 9i 92 1 9z 2 G B 4 


w(6) = -1 



(67) 



5.4.1 SU(2) representations of the weight A. 

The polynomial knot invariants arising from vevs of Wilson loops carrying arbitrary representation of the group 
SU (2) is a very instructive example for application of general formulas of sections [3]|4] For this reason let us 
consider in detail the construction of quantum generators for Uh(su(2)) and universal i?-matrix (|47p in the case 
of representation with highest weight A. 

The algebra su(2) is the tree-dimensional Lie algebra with generators e, / and h subjected to the following 
relations: 

[h,e]=2e, [h,f] = -2f, [e,f] = h 

All irreducible finite-dimensional representations of su(2) is the representations of highest weight g\ : su(2) -^>- 
End(V\), A G No. The dimension of the representation with highest weight A is given by dim(VA) = A + 1. In 
a suitable basis in V\ the generators e, / and h are represented by (A + 1) x (A + 1) matrices with the following 
elements: 

(gx e)n := (e\)ij = (A - i + 1) 5ij-i 

(Qxf)ij ■= (h)ij =iSi-ij i,j = 1...X + 1 ( 68 ) 

(gx h)ij := {hx) l] = (x - 2(i - l)j 5 itj 
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To get from Lie algebra generators of su(2) to the quantum group generators E, F and h we replace the matrix 
elements of e and / by their quantum deformations: 



(E\)ij = [X-i + l]6i,j-i, 

(F\)ij = i,j = l...\ + l 

(hxh = (A - 2(i - 1)) S id . 



(69) 



where 



q m - q-' n 
q - q- 1 



It is a simple exercise to check that for arbitrary A these matrices satisfy the relations (l35|) - (l38l) for Uh(su(2)): 



[h x ,E x ]=2E x , [h\, F\ ] = —2 Fx , [E X ,F X } = 



q'^ - q 



(70) 



q - <r 

Note, that in the representation of weight A the generators E\ and F x are subjected to the additional relation: 

(71) 

Therefore, in this case, the universal quantum i?-matrix (|47[) is given by the following finite sum: 

(q — q 1 ) m m ( m _i 



E x +1 = F x +1 = 



Ra = ex ® QX (Tl) = Pq h *®^/ 2 y W q ' q Mm-l)/2 F m g E 

— ' m ! 

m=Q L J 

The operator (|48l) in this case reads: 

Qa = ex(C) = <z' lA = diagV- 2 ^ 1 ) }, i = 1...A + 1 
For the quadratic Casimir element (|56[) we hnd: 

gA(na) = -h x h x + e x fx + fx ex = A(A + 2) 



Note that for vev of the unknot we have: 



A+l 



A-2(m-l) 



<W(U ) >=trQ A = tr^ = q 



Therefore, the ambient isotopy invariant (I65|) for a knot, represented by the closure of b £ B n , is: 



(72) 



(73) 



(74) 



(75) 



I(SU(2),X,K) = 



1 



A+l 

J2 q X-2(m-l) 
m—1 



q - w (K) X(X+2) tT ( Q ®n hx{R ^ 



(76) 



Using the braid representations for first six non-trivial knots and their writhe numbers in the standard framing 
([ST]) we hnd that for fundamental representation A = 1 this invariant gives the Jones polynomials of the knots: 

7(5(7(2), 1,3!) : (q 6 + q 2 - 1) <T 8 
7(5(7(2), 1, 4x) : {q 8 - q 6 + q 4 - q 2 + l)?" 4 

7(5(7(2), 1, 5i) : {q 10 + q 6 - q 4 + q 2 - 1)<T 14 (77) 



I(SU(2), 1, 5 a ) : (q 



10 „8 



2q 6 



1)9 



-12 



I(SU(2), 1, 6 X ) : (g 12 - g 10 + q 8 - 2 q 6 + 2 g 4 - q 2 + l)q~ 
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For a general value of the highest weight A we find: 

I(SU(2), A, 3i) : — — r ^ [2,n + l](-) A - m 9 3 ( A ( A + 2 )- m (™+ 1 )) 



[A + 


1] 


1 




[A + 


1] 


1 




[A + 


1] 


1 




[A + 


1] 


1 




[A + 


1] 



A 

£ 

m, fc— 



A 

I(SU(2), A, 5i) : -r J2 [2TO + l](-) A -" l g 5(A(A+2) ~ m(m+1)) (78) 



I(SU(2), A, 5 2 ) : £ V 7 ! 2m + 1 1 1 2fc + 1 1 a fe m 9 2( *(*+ 1 )- m ( m + 1 )- 3fe ( fc + 1 >/ 2 ) 

m, fc— 



I(SU(2), A, 6i) : — — T £ \/[ 2m + l][2fc + 1 ] a km <? 2 ( m(m+i)-2*(k+i) ) 

[A + 1J m> fe=0 

where the following conventions are used: 

1 m -Q- m _ , ^ fc+ro -A Ao,. I uro i / A/2, A/2, fc 



« , afcm = H »— * v[2fc+i][2™+i] ; ; ( 79 ) 



g-g- 1 ' * m v y VL ' JL ' J VA/2, A/2, m 

The quantum Recah coefficients are: 



Pi. P2, Pl2 
P3> P4, P23 



A(pi, P2. Pl2) A(p 3 , _p 4 , P12) A(pi, _p 4 , P23) A(p 3 , _p 2 , P23) X 

^ (~) m [ TO + !]' {[™ - Pi -P2 -Pi2]![m -p 3 -P4 -P12]! [m ~pi - pa -P23]!x 



X 

m>0 



(80) 



x[m-p 3 -P2 -P23]! [pi +P2 +P3 +P4 - m]! [pi +p 3 +P12 +P23 - m]\ x 



X 



_P2 +Pi +P12 +P23 - m]!} 



-1 



where m runs over all non-negative numbers, such that each q-factorial in the sum gets non-negative argument, 
and: 



[-a + b + c}\[a-b + c}\[a + b-c}\ 
A(fl ' 6 ' C) = V [a + b + c+1]! (81) 

The polynomials (|78p were obtained in [31] as traces of monodromies for the correlators of the associated SU(2) 
Wess-Zumino conformal field theory. 

5.4.2 SU(N) in fundamental representation 

The irreducible representations of su(N) are representations of the highest weight A = {Ai > A 2 > ... > 
Aiv-i}, Ai e No. Here we consider the case of the first fundamental representation corresponding to A/ = 
{1,0...0}. In this fundamental representation the root elements of the quantum group Uh(su(N)) have the 
following property: 

Q\ s {E a f = gx f (F a ) 2 = 0, ae$+ 
and the universal _R-matrix (1471) takes the form: 



Yl Q\f®ex f (h a <g>h a v) -| — |- / 

R A/ =Pg\ f ®Q\ f (n) = P<r eA [[ [l + (q-q- 1 )QXf®Q\ f (F a ®E ai 



In the standard basis of End(M. N ) this matrix can be expressed as: 

(N \ N 

q en ® en + ^ en <g> e 3J + J^(<7 - q _1 ) e,j ® e 3 i) , where P = ^ 
»=i «5^j »>j / ».i=l 



6 2 j 09 6j'j 
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The element in the fundamental representation reads: 

Qa, = Q\ f (Q) = diag^-^ 2 - 1 ), i = 1..N 
The quadratic Casimir element (|56|) is : 

AT 

QXfi^s) = J! e ij e ji = N 

For the vev of the unknot in this representation we find: 



N 



N „-N 



-N+2m-l _ 1 9 

Therefore the ambient isotopy invariant (|65[) in this case reads 



< W(U ) > = tr Q A/ = V g - JV + 2 m " 1 = * V (82) 

, 9 - ? 



/(Stf(Af), A/, X) = J 9 * tr(Qf " b A/ (if)) 

q — q 



(83) 



Using the braid representations (|67p for first six non-trivial knots and their writhe numbers in the temporal 
framing we get: 

I(SU(N), A/, 3i) : 0(l + g 4 -0<z 4 ) 

I(SU(N), A/, 4i) : (1 - <T 2 + _ V - 9 2 + q 2 ) 

I[SU(N), A/, 5i) : 2 (l + g 4 -0g 4 + g 8 -0g 8 ) (84) 

I(SU(N), A/, 5 2 ) : 6> (1 - g 2 + g 2 + g 4 - g 4 + g 6 - 2 q 6 ) 

I(SU{N), A/, 6i) : 0~ 2 <r 4 (l -0 + 9q 2 - 9 2 q 2 - Oq 4 + 2 2 <? 4 - 2 q 6 + 0V) 
where = q~ 2N ~ 2 . In accordance with [1] these invariants are the HOMFLY polynomials [48] of the knots. 

5.4.3 SO(N) in fundamental representation 

The root system of so(N) corresponds to -Bjv/2 for even N and to D^-i)/2 f° r even N. In both cases the root 
system consist of a roots of two types with lengthes (en, a) = 2 (long roots) and (a, a) = 1 (short roots). In the 
fundamental representation the root elements of the algebra Uh(so(N)) are nilpotent: 

Q\ f {E a ) 2 = Q\ f (F a ) 2 = 0, if a is long, g Xf (E a f = g\ f (F a ) 3 = 0, if a is short, 

The universal i?-matrix (H71) takes the form: 



V* Q\ ®Q\ (h v ) ~~ * 2 „rn{m— 1)/2 



The explicit expression for quantum R-matrix is different for even and odd N. In suitable basis for N = 2 n + 1 
we have: 

RA/ = -P ( e (AT+l)/2(JV+l)/2 ® e(JV+l)/2 (iV+l)/2 + S (<? e « ® e ii + <?~ 1 e l i ® epf+l-iN+l-i ) + 

i^+l-i (85) 

e a ® e jj + E ((? _ T 1 )^] ® e ji + (Q- T 1 ) q Vi ~ V] eij ® e N+ i- iN+ i-j )) 



where 



n + 1/2 - i,i < n + 1 
Vi = { 0, i = ri + 1 

H. + 3/2 — > n+ 1 
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and 



N 



In the case of even N = 2n we get: 



iV 



Ra ; = P (qea<E)eii + q 1 e ii ® ejv+i-ijv+i-i )+ 

iV JV 



n — i, i < n + 1 



where 

^ | -!- 1. / : // i- I 

The operator (|4"B"|) in both cases is given by the following expression: 

The quadratic Casimir element: 

Q\ f (^2) = h a vh a + ^2 e afa + f a e a = N - 1 



For the vev of unknot we get: 



N 



< w(u ) >= i 2 " N+1 - 



Thcrcforc the ambient isotopy invariant (|65[) in this case reads 



I(SO(N), X f , K) = 



N 

q2vN+i- 



. f (ff-i)»Wtr(Q®"b v (f)) 



(86) 



(87) 



Using the braid representations (|67|) for first six non-trivial knots and their writhe numbers in the temporal 
framing we get: 

J(3i) : 2 a 2 - a 4 + (-a 3 + a 5 ) z + (a 2 - a 4 ) z 2 

7(4i) : -1 + a~ 2 + a 2 + (a" 1 - a) z + (-2 + a~ 2 + a 2 ) z 2 + (a" 1 - a) z 3 

J(5i) : 3 a 4 - 2 a 6 + (-2 a 5 + a 7 + a 9 ) z + (4 a 4 -3 a 6 - a 8 ) z 2 + (-a 5 + a 7 ) z 3 + (a 4 - a 6 ) z 4 

(89) 

7(5 2 ) : a 2 + a 4 - a 6 + (-2 a 5 + 2 a 7 ) z + (a 2 + a 4 - 2 a 6 ) z 2 + (a 3 - 2 a 5 + a 7 ) z 3 + (a 4 - a 6 ) z 4 

7(6i) : a" 4 - a" 2 + a 2 + (2fl- 3 - 2 a" 1 ) z+ (3 a~ 4 - 4 a" 2 + a 2 ) z 2 + (3fl- 3 - 2 a" 1 - a) z 3 + 

+ (1 + a- 4 - 2 a" 2 ) z 4 + (a- 3 - a" 1 ) z 5 

where a = g^ -1 and z = g — g~ 4 . In agreement with |32] these invariants are the Kauffman polynomials |43j of 
the knots. 
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5.4.4 Sp (2n) in fundamental representation 



The case of the group Sp (2n) in fundamental representation is very similar to SO(2n) one. In appropriate basis 
for N = 2n for universal P-matrix we have: 



N 



R\ f = P {qen®en + q 1 e ii <g> e N+ i-i N+i-i ) + 

N N , s 

+ J2 e a ® e ii + X) ( il - 9 _1 ) e i j" ® e,ji + (q - q^ 1 ) q Vi ~ v i^i e-ij ® e-N+i-iN+x-j ) 



where 



i>j 



n — i + 1, z < n + 1 | 1, i < n 

n — i, z > ra + 1 



T, i > n 

The operator (J3HJ) is given by the following expression: 

Qa, = Qx,(Q) =diag(5 2t/2 "+ 1 -*), i = l,...,2n 
The quadratic Casimir element: 

6'a / (0 2 ) = /i Q v + ^ e a f a + f a e a = N - 1 



The vev of unknot in this case: 



< w(u ) >= q 2u2n+1 - 



(90) 



(91) 



and for the ambient isotopy invariant (|65l) we get: 



I(Sp(2n),X f ,K) = ^ r ^ 

m—1 



. q -{N-l )w {K) tr (Q®«b A/ (X)) 



(92) 



In this case we again obtain the Kauffman polynomial (15^1) for the following values of parameters a = — q 2 n+1 
and z = q — q^ 1 ■ 



6 Conclusion 

In this paper we explicitly described the knot invariants, constructed from the universal quantum i?-matrix of 
arbitrary simple (quantum) Lie algebra G q , and demonstrated that they are indeed invariant under all relevant 
Reidemeister moves. The operators, naturally associated with this construction are, however, the group ele- 
ments of G q in the sense of [65] , rather than the Wilson P-exponents in the temporal gauge. The group elements 
[65] and special point operators discussed in this paper are made of the generators of quantum algebra. For 
this reason, one of the most important problem is to realize how the " primordial" generators of a Lie algebra 
are transformed into the quantum ones in the perturbation theory. This question and way the group elements 
arise as the free- held representation of these P-exponents, presumably a la [63], remains to be worked out. Also 
relation to many other descriptions of knot invariants, associated with other gauge choices in Chern-Simons 
theory, is left beyond the scope of the present paper. 

We hope that the explicit expressions for crossing operators ([59]) will help to understand better the quan- 
tization of the CST in the temporal gauge. A possible step toward solution of this problem is to derive the 
analog of the Labastida-Perez (LP) formula [M. This formula expresses the m-th order of vev of Wilson loop 
in perturbation theory as the trace trT m (P), where the element T m (D) e U(g) is defined combinatorially by 
the crossings of two dimensional projection D of the knot. The summation in all orders was done in [34] and 
the result was represented in the form of contraction of the "wrong" crossing operator ([25]) over all crossings. 
Now, we are in a reverse situation. We know the "correct" answer for the crossing operator ([4T]) depending on 
q = e . Expanding this answer in powers of h, one can find a proper analog of the LP formula. This formula 
should provide some combinatorial analogs of Kontsevich integral [58] for finite- type or Vassiliev invariants [57] . 
This would also help to solve a long-standing problem of combinatorial description of Vassiliev invariants. From 
the CST site, the correct analog of LP formula would give the properly regularized perturbation theory in the 
temporal gauge. 
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